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SUCCESSIVE DIEFERENTIATION

1.1 Introduction

Successive Differentiation is the process of differentiating a given function successively
n times and the results of such differentiation are called successive derivatives. The
higher order differential coefficients are of utmost importance in scientific and
engineering applications.

Let f(x) be a differentiable function and let its successive derivatives be denoted by

£, £ (x), e, f™ () .

Common notations of higher order Derivatives of y = f(x)

1* Derivative: f'(x) ory' ory, or % or Dy

—— d?
2" Derivative: f'"(x) ory" ory,or d—:; or D%y

d™y
n

dx

n'" Derivative: f™(x) or y™ ory, or or D"y

1.2 Calculation of nth Derivatives

i. n'" Derivative of e®

Lety = e
yi = ae®
Vp = a2eax
yn = an eax

ii. n'" Derivative of (ax + b)™, mis a +ve integer greater than n
Lety=(ax +b)™
y: = ma(ax +b)™?
y> = m(m - 1)a?(ax + b)™2

J;n m(m = 1) (m —-—n+ ]_)a“(ax b b)m—ﬂ



m!

(m=n)!

a‘tax+b)y"

iii. n' Derivative of y = log(ax + b)
Let y = log(ax + b)
a

Yi.=

(ax+b)
.—az
Y2 = (ax+b)?
2la’
Y3 = (ax+b)y
— (_1\n-1(n=1)!a"
yﬁ. ( 1) (ax+b]n

iv. n'" Derivative of y = sin(ax + b)
Let y = sin(ax + b)

y1 = acos(ax + b) =asin(ax+b+%)
v = azcos(ax+b+§) = g2 sin(ax+b+2?")

Yo = a® sin(ax+b +nz—“)
Similarly if y = cos(ax + b)

Yy = a“cos(ax+b+?)

v. n'" Derivative of y = e™sin(ax + b)
Let y = e*sin(bx + c)
y, = ae™sin(bx + ¢) + e™b cos(bx + ¢)
e™ |asin(bx + ¢) + b cos(bx + ¢)]
e™ [ r cosa sin(bx + ¢) + r sina cos(bx + ¢)]
Putting a = r cosa, b =r sina
=e™ r sin(bx+c+ a)
Similarly  y, = e r? sin(bx + ¢ + 2a)

Yo =e% r" sin(bx + ¢ + na)
where 2 = a? + b? and tana = %
S =e* (a4 bzﬁ sin (bx +c+ntan? E)
Similarly if y = e™*cos (ax + b)
Yo = €% r cos (bx + ¢ + na)
= a% (a3 bzﬁ Cos (bx +c+ntan~? E)



Summary of Results

Function n'" Derivative
y = e%* y, = a"e%
r m!
'a"(ax +b)* " m>0m>n
y:(ax+b)m (m—n).
o 0, m>0, m< n,
Yn = n! a", m=n
(-1D™*n!a™
_— m= —1
\ (ax + b)"*!
(n-1)!'a™

y =loglax +b) |¥=(D"""Z00w

y =sin(ax + b) | y,=a"sin (ax +b+ nT”)

y =cos(ax+b) |y,=a" cos (ax +b+ HTH)

n b
y=esin(bx +c¢) | y, =e*™ (a? + b?)? sin (bx +c+ntan™? —)

a

y =e™ cos(bx +¢) | y, = e™ (a® + b?)? cos (bx +c+ntan? E)

Example 1 Find the n** derivative of

Solution: Let y =

1-5x+6x2
1
1-5x+6x2
Resolving into partial fractions
= 1 B 1 3 2
Y = isxtext (1-3x)(1-2x) _ 1-3x  1-2x
_3(=3)(-D)™!  2(-2)™(-=1)"n!
= (1-3x)n+1 - (1-2x)n+1

=y, = (=1)"*1 p! [(1_33x)n+1 B (l_zzx)nﬂ]

Example 2 Find the n®" derivative of sin6x cos4x

Solution:

Lety = sinbx cos4x

= % (sinl0 x + cos2 x)

e H10sm 100+ 2) 2022

Example 3 Find n‘" derivative of sin’xcos®x

Solution:

Lety = sin’xcos3x




= sin®xcos®x cosx
: 1

=7 sin®2x cosx = 5(1 — cos4x)cosx
i | 1

= Ecasx - Ecos4x COSX
1 i |

=5C0sX — (cos3x + cos5x)

1
S (2cosx — cos3x — cos5x)

0 = 2 acos(x-+ ) = 3ncos (324 ) = 57cws (s + )

Example 4 Find the n'" derivative of sin*x
Solution: Let y = sin*x = (sin%x)?

2
— (1 Y. sinzx)
2

- i((l — cos 2x)?

- i[l — 2cos2x + %(2cos22x)]

i | -

e ‘§[1 1 2c052x1+ Ehaik cos4x)]

= - —-c0s2x + - cos4x
1 e nm 18 nm
- — —4n S

_...22“(:05(217 + 5 ) + 84 cos(4x . 3 2 )

s yn

Example 5 Find the n'" derivative of e3*cosx sin?2x
Solution: Let y = e3*cosx sin?2x

Now cos x sin?2x = i (cos x - cos x cos 4x)
¢ sin?2x = =(1- cos 4x)
= %(cos X - ;(cos 5x + cos 3x)
=» y = e¢¥cosxsin®2x = %e“cos X — %e:‘”‘cos 5x — %e“cos 3x
%93" 9+ 1)§ cos (x +ntan™?! %) - %e“ 9+ 25)3 cos (Sx +ntan?! %)
—ie“ 9+ 9)2 cos (3x + ntan™? %)

1 3x 105 —11) _ 1 3x g% ~15
;e 10z cos(x+ntan ;)—;e 342 Cos(5x+ntan ;)

A Yn

—ie“ 187 cos(3x +ntan"'1)

1
Example 6 Ify = sinax + cosax, prove that y, = a"[1+ (—1)"sin 2ax |z
Solution: y = sinax + cos ax

LY =a" [sin (ax + n—;) + cos (ax + nz—n)]



- aq" [{sin (ax + ?) + cos (ax + TH)}Z]%

1
—q" [sin2 (ax s ?) + cos? (ax + ”2—") + 2sin (ax + %).cos (ax + %)]2

o

1
= a1 + sin(2ax + nn)]z
1
= a"[1 + sin 2ax cos nw + cos 2ax sinnm |z
1
=a™[1+ (—1)"sin2ax ]z =~ cosnm=(—1)"andsinnm =0

Example 7  Find the n*" derivative of tan™* ai

Solution: Let y = tan™'=
- _ d_y . 1 _ o _ a
= dx a(1+x—§) T x2+a?  x2-(ai)?
a

a a ( 1 1 )
T (x+ai)(x—ai)  2ai \ x—ai x+ai
1 1 1

= 2_1 x—-ai x+ai
Differentiating above (n — 1) times w.r.t. x, we get

_ 1" @m-) (D" (-1

n g (x—ai)" (x+ai)"
Substituting x = r cos@, a = r sin@ such that 6 = tan‘li
(-1)" Y (n-1)! 1 1
T 2i [r“{cos f—ising)" = r™(cos 8+i5in6)“]

_ (=) (n-1)!
- 2ir®
Using De Moivre’s theorem, we get

—1 =1y
O bl zt_rfl" D! [cosné + i sinné — cosnd + i sinnb]

[(cos@ — i sinf)™ — (cos @ + i sind)™"]

_ (=1)""(n-1)!
]

_ =)™ )

(%)

sinn@

sinn@ va=rsing

=111 —
= W)l sinn@ sin™ @ where 6 = tan‘lg
Example 8 Find the n'" derivative of -
l+x+x
Solution: Lety = =
1+x+x
1 -1+iV3 s  =1=iy3
= =———— where W = ——and w* = ——
(x—w)(x-w?) 2 2

Resolving into partial fractions

— ( 11 )
w=-w2 \ x-w x=-w?




1 ( 1 1 )_—i( 1 1 )
w'- x-w2) V3 \x-w  x-w?
Differentiating n times w.r.t. , we get
(-1)"n! (-1)"n! ]

Yn = \TE (x=w)"+1 - (x=w2)n+1
__ =i (=1)"nl [ 1 1 ]

N& (x-w)nt1 i (x—w2)n+l

__ i(=1)n*1in! 1 1
ﬁ i 13 n+1 — 1 W3 n+1
(I+;—%_) (x+;+T)
__i2ntl (—q)ntiy [ 1 _ 1 ]
V3 (2x+1-iv3)" (2x+14iv3)
g : il
Substituting 2x + 1 = r cosé, V3 = r sinf such that @ = tan™! 2::1
'2??.+1 -1 n+1 [ i A

Yy = % [(cos8 — isin@)= ™+ — (cos@ + ising)~+V]
Using De Moivre’s theorem, we get

i i zﬂ.+1 (_1)ﬂ+1n|

= 1 lcos(n+1)8 + i sin(n + 1)0 — cos(n + 1)@ + isin(n + 1)6]
3 (5s)

sin@

/3 =1rsind

i 21’1+1 (_1)11.+1n|

- 2i sin(n + 1)0 sin"*10

1]

(‘E)IH-Z
_ ()", n+1 P )
= sin(n+ 1)@ sin"*'@ where 6 = tan e
Example 9 If y = x +tanx, show that cos® x-——- —-2y+2x=0

dx 2
Solution: y=x+tanx
d
= d_y =1+ sec’x
d2
dx?

= 2secx (secxtanx) = 2 sec’ xtanx

" COS x%— 2y + 2x = 2cos? xsec? xtanx — 2(x + tanx) + 2x
= 2tanx — 2x — 2tanx + 2x
=0
Example 10 If y = log(x + VxZ + 1), show that (1 + )= i =+ xa =0
Solution: y = log(x + \/m)

x
1+
. dy = Jisx2 1
dx x+vVi+x2 Vi+x2




= (V1 + x?) % =1
Differentiating both sides w.r.t. x , we get

d?y x dy _
(V1+2%) G T e =0

2
=~(1+x2)%+x§=0




